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Abstract Let M be a subharmonic function with Riesz measure µM on the unit disk
D in the complex plane C. Let f be a nonzero holomorphic function on D such that f
vanishes on Z⊂D, and satisfies | f | ≤ expM on D. Then restrictions on the growth of
µM near the boundary of D imply certain restrictions on the distribution of Z. We give
a quantitative study of this phenomenon in terms of special non-radial test functions
constructed using ρ-trigonometrically convex functions.
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1 Introduction
We use our results [5]–[13] on zero subsets of holomorphic functions of one and sev-
eral variables. The origins of our research including previous results of other authors
are also described in sufficient detail in [5]–[13]. Earlier ρ-trigonometrically convex
and its multidimensional versions, ρ-subspherical functions, were used to study zero
sets of entire functions with constraints on their growth in the complex plane C [5,
§ 4], [7, Theorem 3.3.5] and in Cn [7, 4.2, Theorem 4.2.7], 1 < n ∈ N := {1,2, . . .},
of holomorphic functions on the punctured complex plane C∗ := C \ {0} [8, 5.1.6],
as well as to study the distributions of Riesz measures µu := 12pi∆u for subharmonic
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functions u with constraints on their growth in C, and in Rm [5, §§ 2–3], 2 < m ∈ N,
where R is the real line in C, and ∆ is the Laplace operator acting in the sense of the
theory of distributions. We use ρ-trigonometrically convex functions to study of zero
sequences of holomorphic functions with restrictions to their growth in the unit disk
D := {z = reiθ : 0≤ r < 1, θ ∈ R} ⊂ C; (1.1d)
R+∞ = R∪{+∞}, R±∞ := R−∞∪R+∞, R∗ := R\{0}, (1.1r)
R+ := {x ∈ R : x≥ 0} ⊂ C, R+∗ := R+ \{0}. (1.1+)
Let S ⊂ C. By Hol(S), har(S), sbh(S), δ -sbh(S) := sbh(S)− sbh(S), Ck(S) for k ∈
N∪ {∞}, we denote resp. the classes of holomorphic, harmonic, subharmonic, δ -
subharmonic [9, 3.1], continuously k times differentiable functions u on an open set
Ou ⊃ S. But C(S) is the class of all continuous functions on S. We denote the function
identically equal to resp. −∞ or +∞ on S by the same symbols −∞ or +∞, and
sbh∗(S) := sbh(S)\{−∞}, δ -sbh∗(S) := δ -sbh(S)\{±∞}, Hol∗(S) :=Hol(S)\{0},
where the symbol 0 is used to denote the number zero, the origin, zero vector, zero
function, zero measure, etc. The positiveness is everywhere understood as ≥ 0 ac-
cording to the context.
Definition 1 ([16, 8.1], [2]) Let ρ ∈ R+∗ . A 2pi-periodic function h : R→ R is called
a ρ-trigonometrically convex function if
h(θ)≤ sinρ(θ2−θ)
sinρ(θ2−θ1)h(θ1)+
sinρ(θ −θ1)
sinρ(θ2−θ1)h(θ2) for all θ ∈ (θ1,θ2) (1.2)
and for all θ1,θ2 ∈ R such that 0 < θ2 − θ1 < pi/ρ . A function h : R → R is a
0-trigonometrically convex function if h ≡ const ∈ R. Further, the class of all 2pi-
periodic ρ-trigonometrically convex function on R is denoted as ρ-trc,
ρ-trc+ := {h ∈ ρ-trc : h≥ 0 on R}, trc :=
⋃
ρ∈R+
ρ-trc, trc+ :=
⋃
ρ∈R+
ρ-trc+ . (1.3)
We recall some properties of 2pi-periodic ρ-trigonometrically convex functions that
can be found in the works [15], [16], [14], [2], [17], [1].
(i) If h ∈ trc, then h ∈C(R).
(ii) If h ∈ ρ-trc, then h+ := max{0,h} ∈ ρ-trc+.
(iii) Let h ∈C2(R) be a 2pi-periodic function. h ∈ ρ-trc if and only if
h′′(θ)+ρ2h(θ)≥ 0 for all θ ∈ R. (1.4)
(iv) A 2pi-periodic continuous function h belongs to the class ρ-trc if and only if
h′′+ρ2h≥ 0 in the sense of the distribution theory.
(v) A 2pi-periodic continuous function h belongs to the class ρ-trc if and only if the
function z = reiθ 7→ h(θ)rρ is subharmonic on C.
(vi) If h ∈ ρ-trc+ and ρ ≤ ρ ′ ∈ R+, then h ∈ ρ ′- trc+, i.,e., ρ-trc+ ⊂ ρ ′- trc+.
(vii) If a sequence of functions hn ∈ ρ-trc+, n ∈ N is decreasing, then the function
h := limn→∞ hn belongs to the same class ρ-trc+.
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Example 1 Let ρ ∈ R+. The 2pi-periodic continuation of the function
h(θ) :=
{
cosρθ , if |θ |< pi2ρ ,
0, if |θ | ≥ pi2ρ ,
θ ∈ (−pi,pi],
belong to the class ρ-trc+.
Example 2 Let S ⊂ C be a bounded subset. Then the support function kS(θ) :=
sups∈S Re(se−iθ ) of S belongs to the class 1- trc. If 0 ∈ S, then kS ∈ 1- trc+. For
ρ ∈R+, the ρ-support function of ρ-convex domain S⊂C belongs to the class ρ-trc,
and this ρ-support function belongs to the class ρ-trc+, when 0 ∈ S [1, Ch. VI, 2.2],
[14, Ch. II, § 3], [17, § 9].
Example 3 Let u be a subharmonic function on C, and limsupz→∞
u(z)
|z|ρ < +∞. Then
its ρ-indicator function
h(θ) := limsup
r→+∞
u(reiθ )
rρ
, θ ∈ R,
belongs to the class ρ-trc. See [15], [16], [14], [2], [17] for u := log | f | with an entire
function f on C.
Let O⊂ C be an open subset, and let
Z := {zk}k=1,2,..., zk := rkeiθk ∈ O, rk := |zk| ∈ R+, θk ∈ argzk ⊂ R, (1.5)
be a sequence on O without limit points in O. Some points zk can repeat. It is also
possible that Z = ∅ is empty. We associate with each sequence Z the integer-valued
positive counting measure nZ on O by setting
nZ(S) := ∑
zk∈S
1, S⊂ O; (1.6)
nZ(S) is the number of points zk lying in S. We denote by the same symbol as the se-
quence Z the function Z : z 7→ nZ
({z}), z∈O, the divisor of the sequence Z. In partic-
ular, we have suppZ := suppnZ for the support supp; Z⊂ D means that suppZ⊂ D;
z ∈ Z (resp., z /∈ Z) means the same as z ∈ suppZ (resp., as z /∈ suppZ).
Departing from the usual treatment of a sequence as a function of an integer or a
positive integer variable we say that a sequence Z coincides with a sequence Z′ or that
they are equal (we write Z = Z′) if for the associated divisors we have Z(z) ≡ Z′(z)
for all z ∈ O. In other words, we regard a point sequence as a representative of the
equivalence class containing the sequences in O with equal divisors. An embedding
Z⊂ Z′ means that Z(z)≤ Z′(z) for all z ∈ O. See [7] in detail.
We denote by Zero f the zero sequence of the function f ∈Hol∗(O) inO numbered
with multiplicities taken into account. Then [18, Theorem 3.7.8]
nZero f
(1.6)
=
1
2pi
∆ log | f | (1.7)
is the Riesz measure of function log | f | ∈ sbh∗(O).
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A function f ∈ Hol∗(O) vanishes on Z if Z ⊂ Zero f (we write f (Z) = 0). The
function 0 ∈ Hol(O) vanishes on any sequence Z⊂ O.
For r ∈ R+ and z ∈ C, we set D(z,r) := {z′ ∈ C : |z′− z| < r} (i.e., D(z,r) is an
open disk of radius r centered at z), D(r) := D(0,r); D(z,r) :=
{
z′ ∈C : |z′− z| ≤ r}
(i.e., D(z,r) is a closed disk of radius r centered at z), D(r) := D(0,r), D(0) := {0}.
The class of all Borel real measures, i.e., charges, on a Borel subset S ⊂ C is de-
noted by Meas(S), and Meas+(S)⊂Meas(S) is the subclass of all positive measures.
For a charge µ ∈Meas(S), we let µ+, µ− and |µ| := µ++µ− resp. denote its upper,
lower, and total variations.
Let h : R→ R be a bounded 2pi-periodic Borel function on R; µ ∈Meas(D). We
define the radial counting function µ rad(·;h) of charge µ with weight h on [0,1) as
[5, (3.1)], [6, (0.2)]
µ rad(r;h) :=
∫
D(r)
h(argz)dµ(z), r ∈ [0,1). (1.8)
In particular, the function µ rad(r) := µ rad(r;1)with weight h≡ 1 is the classical radial
counting function of µ . If Z is a sequence in O
(1.5)
:= D then [3], [5, (0.4)], [6, (0.2)]
nradZ (r;h)
(1.6)
:= ∑
|zk|≤r
h(argzk), r ∈ [0,1). (1.9)
Here and below, a reference mark over a symbol of (in)equality, inclusion, or more
general binary relation, etc. means that this relation is somehow related to this refer-
ence. For −∞≤ r < R≤+∞ always
∫ R
r
. . . :=
∫
(r,R)
. . . . (1.10)
A particular result of our investigation is the following
Uniqueness Theorem Let M ∈ sbh∗(D) be a subharmonic function with Riesz mea-
sure µM := 12pi∆M ∈Meas+(D), and let Z
(1.5)
= {rkeiθk}k=1,2,... ⊂ D (1.5)= : O be a se-
quence , h ∈ trc+, and g : R+→R+ be a convex function with g(0) = 0. If a function
f ∈ Hol(D) vanishes on Z, satisfies the inequality | f | ≤ expM on D, and
∫ 1
1/2
g
(
2(1− t))dµ radM (t;h) (1.8)< +∞, (1.11M)
but
∑
1/2<rk<1
g(1− rk)h(θk) (1.5)= +∞, (1.11Z)
then f is the zero function, i. e., f ≡ 0 on D.
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In the case M = 0 with µM = 0, g(x) ≡ x, x ∈ R+, and h ≡ 1 ∈ 0- trc+, the condi-
tion (1.11Z) contradicts the classical Blaschke condition ∑k(1− rk) < +∞. So, the
Nevanlinna theorem on the distribution of zeros of bounded holomorphic functions
shows that our Uniqueness Theorem is accurate in this case.
By consta1,a2,... ∈ R we denote constants that, in general, depend on a1,a2, . . .
and, unless otherwise specified, only on them; const+... ≥ 0.
Main Theorem Let M ∈ δ -sbh∗(D) and u∈ sbh∗(D) are functions, resp., with Riesz
charge µM := 12pi∆M ∈Meas(D) and with Riesz measure µu := 12pi∆u ∈Meas+(D).
Let ρ ∈R+. If u≤M on D, then there exists a constant C := const+ρ,M,u ≥ 0 such that
the inequality∫ 1
1/2
g
(1− t
t
)
dµ radu (t;h)
(1.8)
≤
∫ 1
1/2
g
(1− t
t
)
dµ radM (t;h)+C (1.12)
holds for any
[g] convex function g : R+→ R+ with g(0) = 0 and g(1)≤ 1,
[h] 2pi-periodic ρ-trigonometrically convex function h : R→ [0,1].
In particular, if Z is a sequence from (1.5) with O := D, and there exists a function
f ∈ Hol∗(D), f (Z) = 0, satisfying the inequality | f | ≤ expM on D, then there is a
constant C := constρ,M,Z such that
∑
1/2<rk<1
g
(1− rk
rk
)
h(θk)≤
∫ 1
1/2
g
(1− t
t
)
dµ radM (t;h)+C for any [g]–[h]. (1.13)
The cases u = M and M = log | f |, Z = Zero f , show that the inequalities (1.12) and
(1.13) uniform with respect to [h]–[g] are optimal up to an additive constant C.
2 Subharmonic test functions and their role
By C∞ := C∪∞ we denote the one-point Alexandroff compactification of C. For a
subset S ⊂ C∞, closS, intS, and ∂S are the closure,the interior, and the boundary of
S in C∞. A (sub)domain in C∞ is an open connected subset in C∞. Let S0 ⊂ S ⊂ C∞.
If the closure clos S0 is a compact subset of S in the topology induced on S from C∞,
then the set S0 is the relatively compact subset of S, and we write S0 b S. Let
∅ 6= Sb D⊂ C∞, where D 6= C∞ is domain. (2.1)
For a function v : D\S→ R we write
lim
∂D
v = 0, if lim
D3z′→z
v(z′) = 0 for all z ∈ ∂D. (2.2)
By definition, put
sbh0(D\S) :=
{
v ∈ sbh(D\S) : lim
∂D
v
(2.2)
:= 0
}
, (2.3o)
sbh+0 (D\S)
(2.3o)
:=
{
v ∈ sbh0(D\S) : v≥ 0 on D
}
. (2.3+)
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Definition 2 ([9, Definition 1]) We say that a function v
(2.3+)∈ sbh+0 (D \ S) is a sub-
harmonic test function on D outward S if the function v is bounded in D\S. The class
of such functions w will be denoted by sbh+0 (D\S;<+∞). For b ∈ R+, put
sbh+0 (D\S;≤ b)
(2.3+)
:=
{
v ∈ sbh+0 (D\S;<+∞) : sup
D\S
v≤ b
}
. (2.4)
Thus,
sbh+0 (D\S;<+∞) =
⋃
b∈R+
sbh+0 (D\S;≤ b).
The main role will be played by the following
Theorem A ([9, Main Theorem] for C, see also [10, Main Theorem], [11]–[13]) Let
M ∈ δ -sbh∗(D) be a δ -subharmonic function with Riesz charge µM = 12pi∆M, and
∅ 6= intS⊂ S = closS (2.1)b D⊂ C∞ 6= D. (2.5)
Then for any point z0 ∈ intS with M(z0) ∈ R, any number b
(1.1+)∈ R+∗ , any regular
for the Dirichlet Problem [18, 4] domain D˜ ⊂ C∞ with the Green function gD˜(·,z0)
with a pole at z0 which satisfies the conditions S b D˜⊂ D and C∞ \ clos D˜ 6=∅, any
subharmonic function u ∈ sbh∗(D) satisfying the inequality u ≤ M on D, and any
subharmonic test function v
(2.4)∈ sbh+0 (D\S;≤ b) the following inequality holds:
C˜u(z0)+
∫
D\S
vdµu ≤
∫
D\S
vdµM +
∫
D˜\S
vdµ−M +C˜CM, (2.6)
where µu := 12pi∆u is the Riesz measure of the function u,
C˜ := const+
z0,S,D˜,b
:=
b
inf
z∈∂S
gD˜(z,z0)
> 0, (2.7)
and the value +∞ is possible for the constant
CM :=
∫
D˜\{z0}
gD˜(·,z0)dµM +
∫
D˜\S
gD˜(·,z0)dµ−M +M+(z0), (2.8)
but for D˜b D this is a certain constant CM
(2.8)
= const+
z0,S,D˜,M,D
<+∞.
We use the following simplified version of Theorem A.
Theorem B Under the agreements (2.1), and (2.5), let M∈δ -sbh∗(D) be a function
with Riesz charge µM ∈ Meas(D). Then, for any function u ∈ sbh∗(D) with Riesz
measure µu satisfying the inequality u≤M on D, we have the inequality∫
D\S
vdµu ≤
∫
D\S
vdµM +C for all v
(2.4)∈ sbh+0 (D\S;≤ 1), (2.9)
where a constant C := const+D,S,u,M ∈ R+ is independent of v
(2.4)∈ sbh+0 (D\S;≤ 1).
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Proof There exists always a point z0 ∈ intS and r0 ∈ R+∗ such that [9, 3.1]
D(z0,r0)b intS, u(z0) 6=−∞, M(z0) 6=±∞,∣∣∣∫
D(z0,r0)
log|z− z0|dµM
∣∣∣<+∞. (2.10)
There is always a regular for the Dirichlet Problem domain D˜ such that intSb D˜bD
[18, 4]. The choice of such point z0 and such domain D˜ is predetermined solely by sets
S,D. We choice b := 1. Thus, C˜
(2.7)
= const+D,S ∈R+ is a constant depending only on S
and D. In view of (2.10), by the definition (2.8), the constant CM
(2.8),(2.10)
= const+D,S,M ∈
R+ is depending only on D,S,M. Hence the constant
C
(2.6)
:= |C˜u(z0)|+ |µM|(D˜\S)+C˜CM ≥−C˜u(z0)+
∫
D˜\S
vdµ−M +C˜CM,
depends only on D,S,u,M, i. e., C = const+D,S,u,M ∈ R+. So, (2.9) follows from (2.6).
A method of constructing subharmonic test functions on D outward D(r) by means
of ρ-trigonometrically convex positive functions is given by the following
Proposition 1 Let h
(1.3)∈ ρ-trc+ be a 2pi-periodic ρ-trigonometrically convex positive
function, and let g : R+→ R+ be a convex function with g(0) = 0. We set
1
2
≤ rρ := max
{1
2
,1− 1
ρ2
}
< 1. (2.11)
Then the function
z := reiθ 7→ g
(1− r
r
)
h(θ), r ∈ (0,1), θ ∈ R, z ∈ D\{0}, (2.12)
belongs to the class (see (2.4))
sbh+0
(
D\D(rρ);≤ bρ
)
, where bρ := g
(1− rρ
rρ
)
max
θ
h(θ). (2.13)
Proof We use the properties (i)–(vii) of ρ-trigonometrically convex functions.
There is a decreasing sequence of convex positive functions gn ↘
n→∞
g on R such
that gn(0) = 0 and gn ∈C2(R+∗ ), n ∈ N. There is also a sequence of 2pi-periodic ρ-
trigonometrically convex positive functions hn ↘
n→∞
h ([5, Proposition 1.4], [2, The-
orem 51]) such that hn ∈ C2(R+∗ ), n ∈ N. The limit of each decreasing sequence of
positive subharmonic functions is a subharmonic positive function. Therefore it suf-
fices to prove the subharmonicity of the function (2.12) on D outward D(rρ) for the
case h ∈C2(R) and g ∈C2(R+∗ ). The calculation of the Laplace operator of the func-
tion (2.12) in polar coordinates (r,θ) gives
∆
(
g
(1− r
r
)
h(θ)
)
(2.12)
=
( ∂
∂ r2
+
1
r
∂
∂ r
+
1
r2
∂
∂θ
)(
g(1/r−1)h(θ))
=
(
g′′(1/r−1) 1
r4
+
1
r3
g′(1/r−1)
)
h(θ)+
1
r2
g(1/r−1)h′′(θ). (2.14)
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Each convex function g : R+ → R+, g ∈ C2(R+∗ ), with g(0) = 0 has the following
properties:
g′′ ≥ 0, g′(x)≥ g(x)
x
for all x ∈ R+∗ , and g ∈C(R+) is increasing. (2.15)
It follows from (2.14), (2.15), (1.4) that, for h ∈ ρ-trc+∩C2(R),
∆
(
g
(1− r
r
)
h(θ)
)
(2.15)
≥
(
g′′(1/r−1) 1
r4
+
1
r2(1− r)g(1/r−1)
)
h(θ)+
1
r2
g(1/r−1)h′′(θ)
(2.15),(1.4)
≥ 1
r2
( 1
1− r −ρ
2
)
g(1/r−1)h(θ) for all r ∈ R+∗ , θ ∈ R. (2.16)
If r ≥ rρ , then the right-hand side of the inequalities (2.16) is positive. Therefore
the function (2.12) is subharmonic on D \D(rρ). Obviously, the function (2.12) is
positive, since the functions h ∈ ρ-trc+, g : R+→ R+ are positive, and
g(0) = 0 =⇒ lim
0<x→0
g(x)
(2.15)
= 0 =⇒ lim
1>r→1
g
(1− r
r
)
h(θ) (2.12)= 0. (2.17)
Besides, in view of (2.15), we have
g
(1− r
r
)
max
θ
h(θ)
(2.11)
≤ g
(1− rρ
rρ
)
max
θ
h(θ) (2.13)= bρ for all r ∈ (rρ ,1).
So, by Definition 2, in view of (2.17), the function (2.12) belongs to the class (2.13).
3 Proofs of main results
Proof (of Main Theorem) Let 0 ≤ ρ ≤ √2. Then rρ (2.11)= 1/2. By Proposition 1,
the function (2.12) belong to the class sbh+0
(
D \D(1/2);≤ 1), since g(1) ≤ 1 and
maxθ h(θ) ≤ 1 under the conditions [g]–[h] of Main Theorem. Hence, by Theorem
B, there exists a constant C = const+M,u such that the inequality (2.9) holds for any
function v of the form (2.12). Thus, we obtain∫
D\D(1/2)
g
(1− t
t
)
h(θ)dµu(teiθ )
(2.9)
≤
∫
D\D(1/2)
g
(1− t
t
)
h(θ)dµM(teiθ )+C for any [g]–[h]. (3.1)
Lemma 1 ([3], [5]–[7]) Let f be a continuous function on (r,1)⊂ (0,1), µ ∈MeasD.
Under the conditions before (1.8) we have the equality∫
D\D(r)
f (t)k(θ)dµ(teiθ ) (1.10)=
∫ 1
r
f (t)dµ rad(t;k). (3.2)
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By Lemma 1, we get from (3.1) the conclusion (1.12) of Main Theorem for ρ ≤√2.
Consider now the case ρ >
√
2, i. e., rρ
(2.11)
= 1− 1/ρ2 > 1/2. By Proposition 1,
the function (2.12) belongs to the class (2.13), and
sbh+0
(
D\D(rρ);≤ bρ
)⊂ sbh+0 (D\D(rρ);≤ 1)
since g(1)≤ 1 and maxθ h(θ)≤ 1 for [g]–[h], and
bρ
(2.13)
≤ g
(1− (1−ρ−2)
1−ρ−2
)
max
θ
h(θ)
(2.15)
≤ g(1)max
θ
h(θ)≤ 1, when ρ >
√
2.
Hence, by Theorem B, there is a constant C′ = const+S,M,u = const
+
ρ,M,u for S :=D(rρ)
such that the inequality (2.9) holds for any function v of the form (2.12). So, we get
∫
D\D(rρ )
g
(1− t
t
)
h(θ)dµu(teiθ )
(2.9)
≤
∫
D\D(rρ )
g
(1− t
t
)
h(θ)dµM(teiθ )+C′ for any [g]–[h]. (3.3)
It is easy to see that there are constants C′′ := const+ρ,u, C′′′ := const
+
ρ,M such that
∫
D(rρ )\D(1/2)
g
(1− t
t
)
h(θ)dµu(teiθ )≤ µu
(
D(rρ)\D(1/2)
)≤C′′,∣∣∣∫
D(rρ )\D(1/2)
g
(1− t
t
)
h(θ)dµM(teiθ )
∣∣∣≤ |µM|(D(rρ)\D(1/2))≤C′′′,
Hence, in view of (3.3), we obtain (3.1) with C := C′+C′′+C′′′ = constρ,M,u for
any [g]–[h]. By Lemma 1, we again obtain from (3.1) the conclusion (1.12) of Main
Theorem already for the case ρ >
√
2.
Let Z be a sequence from (1.5) withO :=D, and let f ∈Hol∗(D) be a function that
vanishes on the sequence Z⊂ Zerof and satisfies the inequality u := log | f | ≤M. By
the conclusion (1.12) of Main Theorem, there exists a constant C := const+ρ,M, f such
that we have (1.12) for u := log | f |. Here the choice of the function f is predetermined
solely by the sequence Z and function M. So, C = const+ρ,M,Z, and, in view of the
(in)equalities
∑
1/2<rk<1
g
(1− rk
rk
)
h(θk)
(1.9)
=
∫ 1
1/2
g
(1− t
t
)
dnradZ (t;h)
≤
∫ 1
1/2
g
(1− t
t
)
dnradZero f (t;h)
(1.7)
=
∫ 1
1/2
g
(1− t
t
)
dµ radu (t;h) for u := log | f |,
the inequality (1.13) follows from (1.12).
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Proof (of Uniqueness Theorem) Without loss of generality, we can assume that h 6≡ 0,
i. e., h0 := maxθ h(θ) > 0, and g(1) > 0. If f ∈ Hol∗(D), i. e., f 6= 0, f (Z) = 0, and
| f | ≤ expM on D, then, by Main Theorem, we have
1
g(1)h0
∑
1/2<rk<1
g(1− rk)h(θk)≤ ∑
1/2<rk<1
1
g(1)
g
(1− rk
rk
) 1
h0
h(θk)
(1.13)
≤
∫ 1
1/2
1
g(1)
g
(1− t
t
)
dµ radM (t;h/h0)
≤ 1
g(1)h0
∫ 1
1/2
g
(
2(1− t))dµ radM (t;h) (1.11M)< +∞.
So, if f 6= 0, then the latter contradicts the condition (1.11Z).
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